Resonant RL shunt circuits constitute a robust approach to piezoelectric damping, where the performance with respect to damping of flexible structures requires a precise calibration of the corresponding circuit components. The balanced calibration procedure of the present paper is based on equal damping of the two modes associated with the resonant vibration form of the structure, when including a quasi-static contribution from non-resonant vibration modes via a single background flexibility parameter. Explicit calibration formulae are presented, and it is demonstrated by a numerical example that the procedure leads to equal modal damping and effective response reduction, even for rather indirect placement of the transducer, provided that the correction for background flexibility is included in the calibration procedure.
Introduction
Piezoelectric transducers are used in many different scientific and industrial applications for damping and control of the dynamic response of flexible structures [1, 2, 3] .
Piezoelectric transducers are very versatile and may be used as for example actuator/sensor pairs in active control schemes [3, 4, 5] , as semi-active devices based on vari-from [7] has been modified slightly by Yamada et al. [24] to exactly follow the procedure used for classic mechanical tuned mass absorbers [22] . Alternatively, it has been demonstrated by Kim et al. [5] and Kozlowski et al. [25] that the governing equations of the piezoelectric RL shunt circuits are analogous to those of slightly modified mechanical absorber configurations, and calibration expressions have been derived based on these modified models.
The original work by Hagood and von Flotow [7] demonstrates that for RL shunt damping optimal frequency response calibration is in fact non-optimal with respect to a root-locus analysis, while optimal pole placement corresponds to non-optimal dynamic amplification properties. However, for the classic tuned mass absorber the fixed point frequency calibration is equivalent to equal damping in the two modes associated with the targeted vibration form, as demonstrated by Krenk [26] . Furthermore, the device damping is calibrated to provide an optimal combination of response reduction of the structure and limited absorber motion. Exact equivalence between equal modal damping and optimal response reduction appears to be a specific property of the mechanical tuned mass absorber, and is therefore not directly available for the present RL shunt circuit formats. However, the property of equal modal damping, obtained by the proper frequency tuning of the mechanical absorber, is a desirable design property because it is independent of the particular loading and structural response, and therefore constitutes a robust design measure. As demonstrated in Krenk and Høgsberg [27] for general control formats and in Høgsberg and Krenk [28] for RL shunt circuits the balanced calibration technique with equal modal damping also leads to proper reduction of the frequency response amplitudes for both the structural response and the damper force.
Furthermore, the calibration procedure relies on a simple pole-placement technique, where the coefficients of the characteristic equation are matched with the coefficients of a generic polynomial. In the present paper this balanced calibration procedure is extended to include the effect of the flexibility associated with the non-resonant modes of the structure.
The performance of a resonant damping concept is often very sensitive to even a small detuning of the resonant filter coefficients and in particular the filter frequency.
The calibration of resonant damping strategies typically relies on an approximate single 3 mode representation of the flexible structure dynamics. For mechanical absorbers, as considered e.g. in [22, 26] , this is often an adequate assumption because mechanical devices with an oscillating absorber mass operate with respect to absolute motion, and are typically located where the influence from other vibration modes is only moderate. This is different for piezoelectric transducers that act on the deformation of the structure, leading to positions at which the interaction with non-resonant residual vibration modes is typically larger. As the efficiency of resonant control systems depends on precise parameter calibration, the influence from residual non-resonant modes may be important for the performance of piezoelectric transducers. The inclusion of the influence from residual vibration modes by a quasi-static representation has previously been suggested for calibration of resonant active control strategies [32] , and used for damping of edgewise vibrations of wind turbine blades [33] and rotors [34] . A more rigorous procedure for including the effect of the non-resonant modes as a local flexibility between the absorber and the structure was recently developed by Krenk and Høgsberg [35] .
A similar approach is used in the present paper, leading to explicit formulae for equal modal damping calibration of the resonant RL shunt circuit components, including a correction for the influence from non-resonant modes via a single background flexibility parameter. Figure 1 shows the electric network representation of (a) a piezoelectric transducer, and the corresponding (b) series and (c) parallel configurations of a resonant RL shunt circuit. For low-frequency applications a piezoelectric transducer can be represented by a time variable current source i p (t) connected in parallel to a capacitance C, [36] , as indicated by the dashed box in Fig. 1a .
The electrical system
The current i p (t) is produced by straining of the piezoelectric transducer. The corresponding electric charge is q p (t) = −θu(t), where θ is the electromechanical coupling coefficient and u(t) represents the deformation of the transducer. The charge in the capacitor element is q c (t) = Cv(t), expressed in terms of the voltage v(t) between the electrodes of the piezoelectric transducer, whereby C represents the constant strain ca- pacitance associated with mechanically constrained transducer boundaries. The current flowing into the piezoelectric transducer is i(t) = −q(t), where the change in sign represents the opposite flow direction of current and rate of charge, and( ) = d( )/dt denotes time differentiation. The current must be equal to the sum of the current produced by the current source and the current in the capacitor. When time integrating this electric current relation the following charge balance equation is readily obtained [4, 10, 23, 25] ,
where the two terms represent the individual contributions from the equivalent electric components in Fig. 1a . When the piezoelectric transducer is shunted with an electric RL circuit the voltage v(t) and charge q(t) are related via the shunt circuit impedance, which together with (1) form a resonant filter that is able to effectively mitigate structural vibrations when the electric circuit components are calibrated appropriately. Figure 1b shows the series connection of the resistance R and the inductance L, which forms the so-called series RL shunt circuit. The electric current in the shunt circuit is i(t) = −q(t), and for the RL shunt circuit this leads to the following relation between voltage and charge,
Series RL shunt
Elimination of q(t) between (1) and (2) gives the resonant filter equation
with acceleration and velocity feedback terms on the right hand side from the straining of the transducer. In normalized form this resonant filter equation can be written as
in which the electric resonance frequency ω e and damping ratio ζ e for the series RL shunt circuit have been introduced as
The description of the properties and the parameter calibration procedure of resonant shunt circuits is most conveniently carried out in the frequency domain. In the present paper the time dependence is represented implicitly via the complex exponential factor e iωt , where i = √ −1 is the complex imaginary unit and ω is the angular frequency. Thus, in the frequency domain representation time differentiation amounts to introduction of the factor iω, and the impedance Z of the shunt circuit is defined as
For the series RL shunt circuit the impedance Z follows from (2) as
In the resonant shunt circuit the inductance L serves to define the undamped properties, while the resistance R determines the damping. It may therefore be of interest to express the impedance in terms of L and the damping ratio ζ e at the filter resonance
where the non-dimensional damping ratio ζ e has been introduced from (5b). It is seen from the last factor that the role of the damping parameter 2ζ e is to change the phase of the impedance. In typical damping applications the damping ratio will be in the order of a few percent. Thus, the relation in (8) indicates that in the series coupled circuit in 
Parallel RL shunt
The parallel RL shunt circuit is shown in Fig. 1c , and for this parallel configuration the relation between voltage and charge is
Elimination of q(t) between (1) and (9) gives the resonant filter equation,
Thus, for the parallel RL shunt circuit the resonant filter receives pure acceleration feedback from the straining of the piezoelectric transducer. This filter equation is normalized, whereby it takes the form
In this normalized equation the frequency and damping parameters are defined by
It is seen that the circuit resonance frequency ω e is the same as for the series system in (5), while the damping parameter 2ζ e is given by the reciprocal of the parameter combination for the series circuit. In the case of the parallel shunt circuit the impedance Z follows from the frequency domain representation of (9),
At the resonance frequency ω e the impedance can be written in the form
It is seen from the denominator that again the role of the damping parameter 2ζ e is to change the phase of the impedance, and for a damping ratio of a few percent the resistance is typically limited by R ≫ C/L, indicating only moderate current through the resistance branch of the parallel shunt circuit in Fig. 1c .
The mechanical system
The piezoelectric transducer of the previous section is now attached to a flexible structure. The purpose of the RL shunt circuit is to introduce a supplemental dynamic resonance to the system, which is to be designed to effectively reduce excessive amplification of the dynamic response around the natural frequency of the structure. The performance of a resonant damping strategy relies on the precise calibration of the individual system components, and in the case of a flexible structure the resonant vibration properties used for the shunt circuit parameter calibration in Section 5 must be represented in terms of the modal properties of the structure. The present section describes a simple procedure, by which the modal properties of the structure are condensed into the mass and stiffness of the resonant vibration mode, while the background deformation from the remaining non-resonant modes is represented in an approximate form via a single flexibility parameter.
Structure with piezoelectric transducer
The dynamics of the flexible structure is represented by a discrete numerical model with the equation of motion
In this equation the column vector u(t) contains the degrees of freedom of the numerical model, the mass matrix M and stiffness matrix K represent the inertia and elastic properties of the combined structure, while the column vector f e (t) represents the external loading on the structure. The first term on the right hand side of (15) represents the electromechanical force on the structure from the piezoelectric transducer, where the connectivity vector w defines the deformation of the transducer
and the electromechanical coupling coefficient θ appears as a proportionality factor. It is seen that this electromechanical forcing term in (15) vanishes for v(t) = 0, and the stiffness matrix K in (15) therefore represents the elastic stiffness of the structure with the piezoelectric transducer attached with short-circuited electrodes, as shown in Fig. 2a . The voltage v(t) in (15) may be eliminated by the charge balance equation (1), which leads to the alternative form of the equation of motion
where the electromechanical force is now given by the charge q(t). This form of the equation of motion introduces the modified stiffness matrix 
Equivalent structural parameters
The structural properties, including the effect of non-resonant modes, are determined according to the procedure developed in Krenk and Høgsberg [35] . The governing equa-tions of motion in (15) may be written in the general form
where the electromechanical force f (t) = − θv(t) is proportional to the voltage across the transducer electrodes. The structural parameters, including a quasi-static contribution from the non-resonant modes, are conveniently identified from the frequency representation of (18), obtained by introducing the harmonic exponential representations u(t) = ue iωt and f (t) = f e iωt with angular frequency ω and amplitudes u and f .
Substitution into (18) gives the following frequency equation, which in the absence of external forces reads
The formal solution for the displacement vector u follows by inversion of the dynamic stiffness matrix, and the scalar transducer deformation u is then given by
The frequency dependent term in the parenthesis is the dynamic flexibility of the structure at the location of the piezoelectric force f , and the purpose of the following analysis is to derive a simple representation in the form of a resonant term and an additional quasi-static term, accounting for background flexibility. The quasi-static representation of high-frequency vibration modes is a well-established truncation technique in the numerical analysis of structures [29, 30] and for accurate prediction of the system poles in structural control [3, 31] .
The inverse of the system matrix [ K − ω 2 M ] can be represented in terms of the eigenvectors u 1 , · · · , u n and eigenfrequencies ω 1 , · · · , ω n of the corresponding generalized eigenvalue problem in (19) with f = 0,
This result follows from an eigenvector representation of the displacement and force vector of the dynamic problem (19) . The dynamic flexibility at the transducer location as given in (20) then follows in the form
where the parameter k j is the modal stiffness associated with the mode shape vector u j /(w T u j ), normalized to unity over the transducer,
In the last expression in (22) only the resonant term with j = r is retained in its frequency-dependent form, while the remaining non-resonant terms are replaced by their equivalent quasi-static form. The last sum, representing the background flexibility from the non-resonant modes, can be expressed directly by considering the expansion in (22) for ω = 0,
Here the term 1/k 0 represents the background flexibility, formed by the sum of the quasistatic flexibility of all the non-resonant modes. It is noted that the background flexibility 1/k 0 can be evaluated directly from (24) using only the inverse of the stiffness matrix and the stiffness k r of the resonant mode, but without evaluating dynamic properties of any of the non-resonant modes. When introducing the approximate dynamic flexibility (22) into the scalar structure equation (20) , the following relation is obtained for the deformation of the transducer
It is important to note that this relation connects the local deformation u of the piezoelectric transducer and the corresponding local piezoelectric force f . These quantities describe the response of the piezoelectric device, while the response of the structure is described by a classic modal analysis, as discussed in the next section.
Modified modal equations
The expression (25) gives the key to the approximate inclusion of the effect of nonresonant background modes. The local deformation u(t) is expressed as the sum of a resonant modal deformation u r (t) and an additional quasi-static term f (t)/k 0 , corresponding to the representation
where u r (t) follows from the classic modal equation
corresponding to the normalized mode shape vector u r /(w T u r ). In this relation m r is the modal mass, while f r (t) is the modal component of the external load,
In (27) the piezoelectric force f (t) also constitutes the corresponding modal force due to the normalization of the resonant mode. The modal mass is related to the modal stiffness defined in (23) by k r = ω 2 r m r . For the series and parallel RL shunt circuits the structural modal equation (27) is combined with the local equations in (4) and (11), respectively. The corresponding transducer deformation u(t) is eliminated by (26) with the piezoelectric force defined as f (t) = −θv(t).
Complex root analysis
The calibration procedure of the present paper is based on combining the selected resonant mode with the appropriate resonant filter from the RL shunt circuit. These are governed by two second-order dynamic equations, one for the modal response and one for the resonant shunt. Thus, the dynamics of the combined system is described by a characteristic equation of degree four in the natural frequency ω. The calibration is based on the principle of equal damping of the two modes generated by the electromechanical coupling with the resonant mode of the structure. This is a pole placement procedure, developed for the tuned mass damper in [26] and extended to general control formats in [27, 28] . The present section constructs the generic polynomial equation with equal modal damping properties, and the calibration procedure then follows directly from parameter equivalence, as described in Section 5.
Let the four roots of the characteristic equation be denoted ω 1 , · · · , ω 4 , and assume that there is a parameter combination for which ω 1 and ω 2 lie in the first quadrant of the complex plane. The corresponding vibration modes will then have equal damping ratio, if ω 1 and ω 2 lie on the same line containing the origin of the complex plane, as illustrated in Fig. 3 . This implies that the roots ω 1 and ω 2 are inverse points with respect to a circle with radius ω 0 . This inverse point property can be expressed as
where ω * 1 denotes the complex conjugate of ω 1 . The reciprocal relation in (29) between ω/ω 0 and ω 0 /ω suggests the following format of the characteristic equation,
Details concerning the construction and form of this characteristic equation can be found in reference [26] . The above equation contains two coefficients, and these are conveniently expressed in terms of the two real-valued parameters ξ and λ, as shown in (30) . The corresponding polynomial form follows from multiplication with (ω 0 ω) 2 ,
It is seen that the reference frequency ω 0 is defined by the constant term of the normalized characteristic polynomial. The special property of equally damped modes, as expressed by the inverse point relation (29) , is equivalent to imposing a balance between the cubic and linear terms, whereby they cancel at the reference frequency ω = ±ω 0 . 
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The root locus diagram of the quartic equation (31) is easily analyzed by reverting to the quadratic format (30) . This format permits determination of the expression inside the parenthesis, and ω then follows from solving a quadratic equation, see [26] for details.
The results are illustrated in Fig. 3 . For λ = 0 there is no damping because the second term in (30) vanishes, and the natural frequencies ω 1 and ω 2 appear as points on the positive real axis. When increasing λ for a fixed value of the parameter ξ < 1, the roots move into the complex plane as illustrated in Fig. 3 . It follows from the inverse point
property (29), illustrated by the straight line in Fig. 3 , that the two roots ω 1 and ω 2 have equal argument, corresponding to equal damping ratio of the associated free vibration modes. This situation changes at the bifurcation point ω b , which is reached for λ = 1.
The roots then branch off along a circle with radius |ω| = ω 0 . One branch reaches a new branch point ω = iω 0 on the imaginary axis, while the other root follows the circle towards ω = ω 0 on the real axis.
The parameter values of interest in connection with control and damping of structures correspond to the first part where the roots ω 1 and ω 2 are inverse points in the circle, corresponding to the parameter interval 0 < λ ≤ 1. In this parameter interval the two complex roots have the form
where ζ is the common damping ratio of the two vibration modes associated with the targeted resonance of the structure. A simple expression for the modal damping ratio ζ in terms of the system parameters λ and ξ can be obtained by using the fact that the coefficient of the cubic term in (31) is the sum of the four roots ω 1 , · · · , ω 4 . When using the special symmetry properties of the four roots the following expression is obtained for the damping ratio
where the latter approximation is valid for small values of ξ, typical of practice.
At first it may appear desirable to choose λ = 1 corresponding to the bifurcation point ω b , as this introduces maximum damping ratio in the modes, [7, 23] . However, this also implies identical angular frequency of the modes (ω 1 = ω 2 ), which leads to 14 constructive interference of the two vibration forms and thereby an undesirable single peak in the dynamic response amplification, as illustrated in [7, 26] . As demonstrated in [26] an optimal balance between the attained damping ratio and a suitable separation of the vibration frequencies is obtained for the parameter value λ = 1 2 √ 2. For small to moderate damping ratios the two roots ω 1 and ω 2 are then located at points on the near semi-circular contour at an angle of ±45
• with the real axis. This leads to the following approximate, but quite accurate, expression for the modal damping ratio
In the calibration procedure described in the next section the damping ratio ζ resulting from the application of the piezoelectric transducer is used as a selected design input parameter.
Calibration of resonant shunt circuits
The calibration procedure is formulated in terms of the modal response u r (t) described by the modal equation of motion derived from (27) ,
where f (t) = −θv(t) is the local force generated by the piezoelectric transducer. This modal equation in terms of the modal displacement u r (t) is complemented by a local equation for the transducer force f (t), governed by feedback described in terms of the local deformation of the transducer u(t). The modal and local displacements are related by the equation (26), which includes the effect of the background flexibility via the term f (t)/k 0 .
Series RL shunt
In the case of the series RL shunt circuit the governing equation (4) 
relates the voltage v(t) and the local deformation of the transducer u(t). When u(t) is expressed in
terms of the modal displacement u r (t) by (26) and the transducer force is introduced by the relation f (t) = −θv(t), the following second order differential equation is obtained
The coefficient of the force term inside the square brackets suggests the introduction of non-dimensional parameters expressing the electromechanical coupling relative to the modal stiffness and the background stiffness, respectively,
It is noted that the coefficient κ r represents the square of the generalized coupling coefficient with respect to the mode r. This parameter is commonly estimated -without background flexibility correction -via the relative difference between the square of the open and short circuit natural frequencies, see for example [7, 20, 37] .
After collecting the force terms and division by the modal stiffness k r the equation (36) takes the convenient form
The dynamic equations (35) and (38) are expressed in the frequency domain by introduction of the complex representation u r (t) = u r e iωt and f (t) = f e iωt , and then combined into the compact matrix format
The natural vibration frequencies ω corresponding to these equations follow from the characteristic equation
The calibration procedure consists in reducing the actual characteristic equation (40) to the particular form of the generic equation in (31) with the equal modal damping properties illustrated in Fig. 3 .
The first step in the calibration procedure is to identify the reference frequency ω 0 from the coefficients to the linear and the cubic terms. This gives
The reference frequency ω 0 is also defined by the constant term of the characteristic equation, which yields the relation
Elimination of ω 0 between (41) and (42) then determines the shunt circuit frequency as
It is seen from this relation that the shunt circuit frequency ω e is always larger than the resonant modal frequency ω r of the structure. This is different from the mechanical tuned mass absorber, for which the tuning frequency of the absorber is lower than the natural frequency of the structure in the absence of background flexibility, but increases with increasing background flexibility and may become larger than the structural frequency, [26, 35] .
The second step in the calibration procedure determines the damping property of the shunt circuit, represented by the damping parameter ζ e . First ζ e is determined in terms of the generic parameter ξ by comparing the coefficients of the cubic terms in (31) and (40). For λ = 
The parameter ξ also follows by comparing the coefficients of the quadratic terms, and when using the frequency solutions in (41) and (43) the following expression is obtained,
Elimination of ξ between (44) and (45) determines the optimal shunt circuit damping parameter as
An estimate of the corresponding modal damping ratio ζ is obtained by elimination of the generic parameter ξ between (45) and (34),
It is seen that the effect of the background flexibility, represented by the non-dimensional parameter κ 0 , is to reduce the damping attained for a given coupling parameter κ r .
Parallel RL shunt
In the case of the parallel RL shunt circuit the voltage v(t) is governed by the equation (11), where v(t) is then replaced by the transducer force f (t) = −θv(t) and the local transducer deformation u(t) is eliminated by the relation (26) . This gives the differential equation
which is similar to that of the series RL shunt in (36) , but without the first derivatives inside the square brackets. As before, collecting the force terms and dividing by the modal stiffness leads to the transducer equation
In this case combination of the frequency equations corresponding to (35) and (49) are combined into the matrix format
which leads to the following fourth degree characteristic equation in ω,
This equation is rather similar to (40) for the case of a series RL shunt circuit, the only difference occuring in the last term.
The balance between the linear and the cubic terms immediately identifies the reference frequency ω 0 = ω r . The relation for the constant term is given by (42), as for the series RL shunt, and thus the transducer frequency follows directly as
This shows that for the parallel connection the shunt circuit frequency ω e is also larger than the resonant modal frequency ω r in this case, but only when including the effect of background flexibility.
The damping parameter ζ e is given in terms of ξ by comparing the coefficients of the cubic term,
The generic parameter ξ follows by comparing the coefficients of the quadratic terms, and when using ω 0 = ω r and (52) the expression (45) is obtained, also in this case.
Substitution of this result into (53) then gives the optimal damping parameter
Finally, the modal damping ratio follows from the generic formula (34) as
Thus, the attainable modal damping introduced by an optimally calibrated parallel RL shunt is identical to that obtained from an optimally calibrated series RL shunt, in spite of the fact that the optimal calibration leads to different shunt circuit frequency ω e and shunt damping parameter ζ e .
Calibration procedure
The design formulae derived above are given in a format where the electromechanical properties, comprised by the parameter θ 2 /C, are assumed known, and the shunt circuit characteristics and attainable modal damping are then calculated. However, it is desirable to have a design procedure in which the vibration properties, characterized by the resulting modal damping ratio ζ of the targeted resonant mode, is given together with the structural properties, and the procedure is therefore reversed to obtain an optimal value of the electromechanical parameter θ 2 /C, and subsequently the inductance L and resistance R, from a desired modal damping ratio. 
Therefore, let the desired modal damping ratio ζ be given. When the background flexibility coefficient κ 0 is expressed in terms of the modal flexibility coefficient κ r as κ 0 = (k r /k 0 )κ r , the damping formulae (47) and (55), that are identical for the series and parallel shunts, can be inverted to give
The relation (37a) then gives the electromechanical coupling parameter as
while the corresponding shunt circuit components L and R are determined by the design expressions in Table 1 . It is seen that the introduction of background flexibility, important for a more indirect location of the piezoelectric transducer on the structure, leads to a larger electromechanical coupling coefficient. Figure 4 shows the dynamic amplification and the frequency amplitude of the piezoelectric force for a single mode structure obtained from the frequency expressions in (39) and (50) increase in the desired damping ratio yields a corresponding increase in the bandwidth of the force amplitude.
Damping of flexible structure
The purpose of the numerical example in this section is both to illustrate the efficiency of the balanced calibration procedure with equal modal damping properties, and to demonstrate the importance of including the effect from non-resonant vibration modes via the new background flexibility parameter κ 0 . Figure 5 shows two identical piezoelectric laminate transducers placed symmetrically on a cantilever beam of length 10a. Because of the transducer symmetry the neutral beam axis is constant along the beam, and the two piezoelectric transducers are con- veniently treated as a single transducer couple with effective piezoelectric and shunt circuit parameters. The beam is discretized by 10 finite beam elements of length a with transverse displacement x j and cross-section rotation ϕ j as the two degrees of freedom of node j. Thus, the discretization of the beam is chosen so that the pair of piezoelectric transducers occupies a single element n. The bending stiffness of the beam is EI, while the total contribution to the bending stiffness from the transducer couple with short-circuit electrodes is EI p = 1 2 EI. The stiffness matrix is then represented by
where K b is the stiffness matrix of the beam without piezoelectric transducers, while the connectivity vector
defines the change in rotation ϕ j+1 −ϕ j = w T u across element n as the effective measure of deformation of the transducer couple. Thus, the contribution from local bending of the piezoelectric transducers is neglected in K. Furthermore, the inertia of the transducers is not taken into account by the mass matrix M.
The piezoelectric transducers are connected to individual resonant shunt circuits with identical resistance R and inductance L. As demonstrated in (56) and (57) the dimensions and properties of the piezoelectric transducer are conveniently chosen or estimated so that a desired value of the modal damping ratio ζ = ζ des is obtained for the resonant vibration mode of the structure. The results from the calibration procedure are presented in Table 2 for the series shunt circuit and in Table 3 The modal stiffness k r is initially determined by (23) for the first vibration mode (r = 1) and the flexibility 1/k 0 from the non-resonant background modes subsequently follows from (24) as 1/k 0 = w T K −1 w − 1/k r . Based on the desired damping ratio ζ = ζ des the generalized coupling coefficient κ r is then determined by the design formula in (56), and the background flexibility parameter finally follows from (37) as κ 0 = κ r k r /k 0 . The effective shunt circuit components LC and RC can now be determined in non-dimensional form by the design formulae in Table 1 , while the corresponding filter components ω e and ζ e are given in (43), (46) for the series shunt circuit and in (52), (54) for the parallel shunt circuit.
It follows from Tables 2 and 3 that for the present cantilever beam example the background correction coefficient κ 0 is in fact significantly larger than the generalized coupling coefficient κ r , and for the most indirect transducer location at n = 4 the flexibility ratio κ 0 /κ r = k r /k 0 > 10, which clearly identifies the importance of the κ 0 correction in the calibration expressions in Table 1 . The efficiency of resonant damping concepts depends to a great extend on the accurate tuning of the filter frequency ω e , which is governed by the shunt circuit inductance L. By comparison of the cases with and without κ 0 in the tables it is found that the calibration with κ 0 = 0 overestimates the non-dimensional inductance LCω 2 r by more than 18% for the case with ζ des = 0.04 and n = 4. The non-dimensional resistance RCω r governs the damping level of the shunt circuits, and the results in Tables 2 and 3 show that including the background correction factor κ 0 implies that the optimal non-dimensional resistance is reduced by up to 15% compared to the case with κ 0 = 0. Tables 2 and 3 In the bottom half of the tables, with κ 0 = 0, the equal modal damping property is lost, as the damping ratio from the first eigenvalue becomes too large, while the damping ratio from the second eigenvalue is reduced, thereby limiting the effective damping of the resonant vibration mode.
The last column in
Equal modal damping relies on the inverse relation (29) and is therefore by construction implied in the generic equations (30) and (31) . It is a very desirable property of the balanced calibration procedure because it represents a system property that is independent of the particular loading and response conditions. In the generic equation in Section 4 the parameter λ governs the damping level. As explained previously λ = 1 corresponds to the bifurcation point ω b in Fig. 3 , which leads to the largest damping level within the equal damping regime. However, at this point undesirable interference occurs between the two modes, which again leads to a significant peak in the frequency response amplitude at resonance. In [26] it has been demonstrated for the mechanical tuned mass absorber that the intermediate level λ = 
√
2 leads to effective reduction of the vibration amplitude for both structure and absorber mass, and this design value is therefore also applied for the present piezoelectric damping problem. (15) with the transverse tip force introduced by the load vector
and the corresponding filter equation (3) or (10) . Because the dynamic tip motion amplitude is normalized by the corresponding static deflection u 0 tip the curves in Fig. 6 (a,b) represent the dynamic amplification, while the force in Fig. 6(c,d) is normalized by the modal load f r defined in (28b). Thus, the frequency amplitude curves in Fig. 6 repre-25 sent results that are directly comparable with those for the idealized single mode case in Fig. 4 . Each of the sub-figures in Fig. 6 contain curves for the desired modal damping ratios ζ des = 0.02 and 0.04, as in Table 2 amplification in Fig. 6 (a) the left peak is lowered, whereas the right peak has become larger. This corresponds well with the observed loss of equal modal damping in the bottom rows (κ 0 = 0) of Table 2 , which is mainly due to the detuning of the shunt circuit inductance. For the more indirect location of the piezoelectric transducers at n = 4 the dashed curves in Figs. 6(b,d) present a severe increase of the amplitudes by approximately 50% compared to the calibration case where the κ 0 correction has been included. Figure 7 shows the corresponding results for the parallel shunt circuit, and the results and conclusions are very similar to those for the series configuration in Fig. 6 .
Conclusions
The design of piezoelectric RL shunt circuits is commonly based on a single mode representation of the structural response, whereby the electromechanical system is gov-erned by two coupled scalar equations: The modal equation of motion and the corresponding electric filter equation [20] . This format implies that the electromechanical coupling coefficient can be identified directly from the natural frequencies associated with the short-and open circuit limits of the piezoelectric transducer, or from the frequency response properties of the structure when introducing a resonant shunt circuit [38, 39] . Although the electromechanical coefficient may be determined accurately, the assumed single mode representation is still an approximation, and the theoretical predictions of the resistance R and inductance L are therefore often re-calibrated [8, 9] to give the desired flat plateau in the frequency response curves. In particular the electric filter frequency must be calibrated precisely, and in RL shunt circuits the inductance L is conveniently adjusted by changing the variable components of the corresponding synthetic inductor [10, 20, 25] .
In the present paper the deformation of the piezoelectric transducer, which in prin- The accuracy of the balanced calibration procedure is illustrated by a simple numerical example. It is shown that the presence of the background flexibility parameter leads
